
Math 451: Introduction to General Topology
Lecture 17

in f regular if it is T, and for enc xeX and closed set B2X with x & B

*G ,

7 disjoint open Uax and VIB .

Note
. Bene singletons are closed in T 1, is Tz .

Rephrasing of regularity. A T , top space X is regular ExEX and nu w

open Wax - open U c . t . xcU== W.

Proof.. Given xEX and open Wex , then B : = W is closed and x B
,
so regularity

Blue&

<
.
Fix x=X and a closed at BcX .

Then W:= B' is an open

neighbourhood of x
,
so 7 open U

Sit
. xUETEW.

ThenVis
is open ,

VIW= B
,

and V is disjoint from U.

Although this is just a rephrasing on the level of definitions
,

it helps thinking about regulari-
t in terry of open neighbourhoods.

Cor
. Every O-dimensional T, top. space is regular.

Proof
.

Let B be a basis of dopen sets
.
Then for each xX and open Wex , there

is a copen UEB s .t . XEUEW since I is a union of sets in B .

But then

xEU = H = W bene U=A since His closed
.

Examples . (9) For
cry nonempty I , EN in O-dia and Hanschoff

,
so regular . In fact , this



is a metric space and all metric spaces are regular (in fact , normal.
(b) Sorgentley line is D-dim since the sets (a

, 6) from a basis for the top and these

are clopen ut, since (a
,
b) = (&, a) V(b

,
&) which is open since it is a moid

of
open sets . Hence , Sorgentry line is regular.

Example of in but not is .
LetT be the usual /Euclidean) dop on IR

.

Take

B : = In : neINt)
We make this set closed by adding B to he topology ,

1.
.

e
.

Let it' be the topology
C

generated by B together with N .

This richer top T is still Hauschoff (tz)

bane i was already Hausdorff .

Claim
.

T is not regular
Proof

. Let X:= P and B as above . Bis closed in T and XAB
,
so we only need

todhow What 0 and W : = B" fail the rephrasing of regularity . Indeed any open
U with OEUEW contains a st 19

, 611W ,
where a < O26

.

The closure of

(a
,
8) 1W is Sa

, g] bene (a
,
d) &W = (a

, b)<B and each in in lab) addees
-

to (
,
b)

.

So UC
-
[a

, b) but Ca
, bict for some large enough nNt , so

E

U 1 B +0 ,
i
. e. W

.

Remark
.

Become to
,
I
,
in are oply about separating points by open refe , they are upward

hereditary ,
i. e . if T is a Ti topology on X

,
: < 2

,
and TSR is a ther tops-

logy When T' is also Ti. However
,
his is not true for is

,
as the above example

mows , becase although T has more open sets (so easier torepate Kingsl,
it also has were closedste /so more things to separate).

To Enormal) if it is T ,
and

any
two disjoint closed sets A, B = X are separated

b open sets
,
i
.
e
.

7 disjoint open USA and V L B.

↳E



Note
.

In implies is become each point is a closedst due to T.

Prop .
Metrizable spaces are normal

IR
B

dIA ,B) = 0.

Proof
. Let X be a lop space with a metric d generating the ↓ X : = IR"

topology . Let A
,
B =X be disjoint closed sets. For each at A, &

since a GB and B is closed
,
d(a

, B) : = inf &la , b) > 0.
A a IR

let U := Bralal
,
where Va := Edla, 1) .

87B
similarly ,

for each beB
,
DIA
,
SKO

and we let v= U Brod ,
were ro := EdIA , b) . Clearly UCA and VIB

are open sets. bEB
It remains to verify Wet UNV = 0

,
but if U9V**, then

- ntA
,

be B i .t
.

Bralal &Bald) +0
,
so da , b) < ra + re = 3 da, B) + td(A , b)
-[d(a , b) + Ed(a , b) = cla , b) , a contradiction .

Prop . Regular Lindelof hop spaces are normal.

Proof
.
Outlined in HW.

Example . Sorgentley live It is normal beae it is Lindelof andegular.

Example of is but not is . Consider the Jorgentley plane IR" with the product
topology of sorgentury topologies on 17

, equivalently ,
the lop on IB2 generated

by sets (a , bix[c , d) , which from a basic become they are closed under finite

intersections. Product of two regular spaces is regular , soSorgentees plane is regular.
This can also be seen directly from the fact thatla ,bixk, d) are chosen , heare sorgentees
plane is also O-dim

,

heave regular.
However

,
it is not normal

.
The is a bit involved and will be outlined in HW.

Continuity .

Def
.
Let X

,
i be top, spaces . A function fix- Y is said to be



continuous atXEX if for every open V=(o) J open Uexo with UEf"(V) ;
i. e

. F"(v) is a luot necessarily open) neighbourhood of Xo.

continuous if it is continuous at ever point XoeX ; equivalently /by the care

proof as for metric spaces)
, fepreimages of open sets are open.

Prop. Let X
,
Y be top , spaces . A function f :X-V is continuous =S fopreimages of

a generating collection of open sets are open , i . e .
for

some probasis 3 for

the top of Y
,
f * (v) is open for each ve3.

Proof
.

This is simply bene preimages respect/commute with intersections and unious.

In detail
,
let U be an open set

,
so it is an larbitrary union of finite intersec

tions of sets in 5 . Then FV) is an larbitrary) union of finite intersections of
f-preimages of sits in S

,
hence are open .


